10766. Proposed by Szildrd Andras, Babe,-Bolyai University, Cluj-Napoca, Romania. Let x, y, and z be nonnegative real numbers. Prove that (b) (x ? y + z)(x+y+z)2 XX2YY2ZZ2 > (x + y)(X+Y)2 (y ? Z)(y+z)2 (Z ? X)(Z?X)2.
SOLUTIONS
Cramer's Rule for Non-Square Matrices 10618 [1997, 768] . Proposed by S. Lakshminarayanan, S. L. Shah, and K. Nandakumar; University of Alberta, Edmonton, Canada. Let A be a real m x n matrix of full rank with m < n and let b be a real m x 1 matrix. For 1 < i < n, define det(Ai*AT) -det(Ai AT) Xi= det (AAT) where A* is obtained by replacing the ith column of A by b, and Ai is obtained by deleting the ith column of A. Show that x = [XI,..., X ]T is a solution to the linear system Ax = b.
Solution by the GCHQ Problems Group, Cheltenham, U. K. We write A' (b) instead of A* to emphasize the role of the vector b; thus A' (0) indicates A with its ith column zeroed out. Observe that Ai A[ A' (0)AT, by comparing corresponding entries. Extend A to a nonsingular n x n matrix (A), where C is an (n -m) x n matrix whose rows form an orthonormal basis for the orthogonal complement of the row space of A. That is, each row of C has norm 1 and is orthogonal to all other rows of (A). We have
where I is the (n -m) x (n -m) identity matrix and M is some n x (n -m) matrix. By substituting these computations into the definition of xi, canceling the nonzero factor det () T, and using the linearity of the determinant in its ith column, we obtain det ((Ai(b) Solution I by the proposer, currently at University of Wisconsin, Madison, WI. The terminology of the problem statement is somewhat nonstandard. In common usage, a digraph is a pair (V, A), in which A is the set of arcs in the digraph. Edges from a vertex to itself, and even multiple edges from one vertex to another, are ordinarily allowed; the digraphs considered here with no such edges are usually called simple. The "succession of arcs" described above is a path from a to e.
Let the sign of a digraph with arc set A be (-l)IAI; the problem is to show that the sum sn of signs of the strongly connected digraphs with vertex set [n] = {1, .. . , n} is (n -1)!. Let rn be the sum of the signs of all the digraphs on the vertex set [n] containing paths from n to all other vertices.
We prove first that rn = Sn -(n -)sn-1 for n > 1. For I C [n -1], let RI be the set of digraphs on [n] that contain paths from n to all other vertices and such that I is the set of vertices other than n that begin paths to vertex n. Let r1 be the sum of the signs of the digraphs in RI, so rn = E rI.
When I I I = n -1, RI is the set of strongly connected digraphs on [n], and thus rj = sn . When IlI = n -2, let j be the sole vertex of [n -1] -I. The signs of digraphs in RI that have an arc from I to j sum to 0, since adding or deleting the arc (n, j) changes the sign without changing membership in this set. Thus we need to sum signs only for those digraphs in RI that have no arc from I to j. Such digraphs consist of a strongly connected digraph on [n] -{j} plus the arc (n, j), so the sum of their signs is -sn-1* With n -1 choices for j, the sum of the contributions when II = n -2 is -(n -i)sn-IWhen Ill < n -2, let i and j be the largest and second-largest elements of [n -1] -I. Adding or deleting the arc (i, j) changes the sign without changing membership in RI. Hence these contributions cancel, and rj = 0.
We have proved that rn = Sn -(n -i)sn-I. Since sl = 1, the proof is completed by proving that rn = 0 for n > 1. For I C [n -1], let Qj denote the set of digraphs on [n] in which I is the set of vertices other than n that are reachable by paths from vertex n. Let q, be the sum of the signs of the digraphs in Qj, so rn = q[n-1].
When II I < n -1, let i be the largest element of [n -1] -I. Adding or deleting the arc (i, n) changes the sign without changing membership in QI. Thus qj = 0.
We conclude that E> qI = rn. On the other hand, the sum of q, over all I is the sum of the signs of all digraphs on [n]. This sum is 0, since adding or deleting the arc (1, 2) changes the sign. Thus rn = 0, as desired.
Composite solution 1I by Nikhil Bansal, Bombay, India, and the editors. Let e(D) denote the number of arcs in a digraph D. The claim follows from comparing two expressions for g(x), the exponential generating function for an = j(-1)e(D), where the sum is over all digraphs on [n] .
First, g(x) = EZn>j anxn/n! = x, since the number of digraphs with even size equals the number with odd size when n > 1, while al = (-1)? = 1.
Alternatively, we group the contributions according to certain subdigraphs, counting those of even size minus those of odd size. The strong components of a digraph are the maximal strongly connected subdigraphs. The condensation D* of a digraph D is the digraph obtained by contracting strong components to single points. The condensation of a digraph with k strong components is an acyclic digraph with k vertices.
To form a digraph on [n] having k fixed strong components with vertex sets of sizes n 1, . .. , nk respectively, we assign vertices to components, place a strongly connected digraph on each component, form an acyclic digraph on [k] as the condensation, and expand edges of the condensation into sets of edges between the corresponding strong components. We divide by k!, because strong components are distinguished by the names of their vertices, but the names of the components are,arbitrary.
The contributions to parity within each strong component and within the expansion of each edge of the acyclic digraph are independent; the final digraph has even size if and only if the number of odd contributions is even. Thus we take the product, over each set of edges to be included, of the number of ways to include it with even size minus the number of ways to include it with odd size. Let bm = Em -?m; this is the contribution for a strong component of order m.
At this point we have j(2) where the inner sum is over acyclic digraphs C on [k], the notation (fl) stands for the set of all 2-element subsets of [k] , and Eij and Oij, respectively, denote the number of ways to have an even or odd number of edges between components i and j in the expansion of C. When i and j are not adjacent in C, there is no edge in the expansion, and Eij -?ij = 1. When i and j are adjacent, there must be at least one edge in the expansion, and all such edges agree in direction with the edge in C. Eliminating the empty set yields Eij -=O -1. With the factor -1 for each edge of C, the product is (_ l)(C).
To further simplify the formula, we claim that EC(_1)l(C) -()k1.
We define an involution on the acyclic digraphs that pairs up digraphs with sizes differing by 1, and we show that the only unpaired digraph is the digraph Ck with arc set {(k,' j): 1 < j < k -1}. A source is a vertex with no incoming arc; a predecessor of j is a vertex i such that (i, j) is an arc.
Every acyclic digraph C has at least one source. Let i be the least source vertex. When i # k, we add or delete the arc (i, k); it remains true that i is the least source. In the remaining digraphs, the only source vertex is k. For these, let j be the highest vertex having a predecessor other than k. Add or delete the arc (k, j). It remains true that k is the only source and that j is the highest vertex with a predecessor other than k. The only digraph in which j does not exist is Ck (with k -1 edges), which completes the claim.
The coefficient of x/nl! in our generating function is now
